We study the hierarchy of hidden space-time symmetries of noncritical strings in RNS formalism, realized nonlinearly. Under these symmetry transformations the variation of the matter part of the RNS action is cancelled by that of the ghost part. These symmetries, referred to as the α-symmetries, are induced by special space-time generators, violating the equivalence of ghost pictures. We classify the α-symmetry generators in terms of superconformal ghost cohomologies H n ∼ H −n−2 (n ≥ 0) and associate these generators with a chain of hidden space-time dimensions, with each ghost cohomology H n ∼ H −n−2 "contributing" an extra dimension. Namely, we show that each ghost cohomology H n ∼ H −n−2 of non-critical superstring theory in d-dimensions contains d + n + 1 α-symmetry generators and the generators from H k ∼ H −k−2 , 1 ≤ k ≤ n, combined together, extend the space-time isometry group from the naive SO(d, 2) to SO(d + n, 2). In the simplest case of n = 1 the α-generators are identified with the extra symmetries of the 2T -physics formalism, also known to originate from a hidden space-time dimension.
Introduction
In our recent work [1] we have shown that non-critical RNS superstring theories are invariant under the set of unusual nonlinear space-time transformations, not at all evident from the structure of their worldsheet actions. That is, consider the worldsheet action of 
. This action is obviously invariant under two global d-dimensional space time symmetries -Lorenz rotations and translations. One can straightforwardly check, however, that in addition to these obvious symmetries the action (1) is also invariant under the following nonlinear global transformations, mixing the matter and the ghost sectors of the theory [1] :
The variations of the matter and the ghost parts of the RNS action (1) under the transformations (3) are given by
so the action is symmetric under (3), as the variation of the matter part is cancelled by that of the ghost part.
It is easy to check that the generator of the transformations (3) is given by
The integrand of (5) is a primary field of dimension 1, i.e. a physical generator.
While it is not manifestly BRST-invariant (it doesn't commute with the supercurrent terms of Q brst ), its BRST invariance can be restored by adding the appropriate b-c ghost dependent terms, according to the prescription described in [1] . The peculiar property of this generator is that it is annihilated by Γ −1 = c∂ξe −2φ and has no analogues at higher pictures, such as 0, −1 and −2 (but has versions at higher positive pictures +2, +3, ... which can be obtained by using the direct picture-changing operator Γ = {Q brst , ξ}). The physical operators with such a property are referred to as the positive ghost number +1 cohomology H 1 , or simply ghost cohomology 1 [1] .
There is however, a picture −3 version of this generator, with the manifest BRST invariance. This version can be obtained simply by replacing e φ → e −3φ in (5) . Similarly to the picture +1-version, the picture −3 version is annihilated by Γ, so there are no versions of this operator at pictures −2, −1 and 0 while the versions at pictures below −3
can be obtained by straightforward inverse picture changing. For this reason, the picture −3 version of (5) is an element of negative ghost cohomology number H −3 . For the sake of completeness, let us recall some definitions made in [1] . The positive ghost cohomologies H n (n ≥ 1) consist of physical operators existing at positive ghost pictures greater or equal to n, annihilated by Γ −1 at the minimal positive picture n. That is, the picture changing transformations (direct and inverse) allow to move the elements of H n between pictures greater or equal to n, but not below n. Similarly, the negative ghost cohomologies, H −n (n ≥ 3) consist of physical operators existing at ghost pictures −n and below, while at their minimal negative picture −n they are annihilated by the direct picture-changing Γ.
The zero cohomology H 0 by definition consists of picture-independent operators (i.e.
standard perturbative vertex operators existing at all the ghost pictures). The cohomologies H −1 and H −2 are empty, since any operator at picture −1 or −2 is either BRST-exact or can be transformed to picture zero by Γ. The question of existence of nonzero ghost cohomologies (which by itself is quite non-trivial) has been discussed in details previously [1] . The important property of the ghost cohomologies is the isomorphism between positive and negative H's:
. This isomorphism is not a picture changing equivalence, though it is somewhat reminiscent of it. Structurally, it maps cohomologies of positive and negative numbers, "bypassing" the pictures in the middle. Typically, commutators of the current algebra of operators from nonzero H's involve the currents from both negative and positive cohomologies, related by the isomorphism.
It is not difficult to show that, just like the operator ( 
and
.
In the limit of zero cosmological constant, the dressed generators inducing the transformations (6) and (7) are given by [1]
accordingly with the normalization constant l(d) given by [2] , [1] 
with
The generators (8) and (9) are the Virasoro primaries, annihilated by the inverse picture changing. They are BRST non-trivial and invariant (upon adding the b − c ghost correction terms which we have skipped) and therefore are the elements of H 1 ∼ H −3 . As before, the H −3 version of the generators (8) , (9) with the manifest BRST-invariance (with no b − c correction terms) and the set of the related space-time transformations can be obtained simply by replacing φ → −3φ in (6) - (9) . Combined with
Virasoro primaries: (8), (9) , (12) it isn't difficult to check that [1] [
Note that, as the SO(d, 2) space-time symmetry group of translations and rotations for non-critical RNS strings is identical to the isometry group of the AdS d space, the (8) , (9) of the lowest nonzero ghost cohomology are simply the stringy analogues of the off-shell symmetry generators from hidden space-time dimension, observed in the 2T physics approach [3] , [4] , [5] for a particle in the AdS d space [3] . The precise correspondence between the space-time symmetry generators for a AdS d particle in the 2T physics formalism (including the extra generators from hidden dimension) and the space-time symmetry generators for non-critical strings(including
for the "standard" generators of the SO(d, 2) subgroup of SO(d, 2) and
for the extra generators (associated with the higher space-time dimension). Here the symmetry generators for the AdS d particle are given by (using the notations of [3] ):
where the AdS d metric is given by
and p m and k are the canonical conjugates of x m and u respectively. Here u is the radial In the rest of the paper, we will try to address these questions. It is instructive to start from the simplest example of non-critical RNS strings -the supersymmetric c = 1 model where the straightforward construction of the elements of H n ∼ H −n−2 is relatively simple. It has been shown [6] that the physical operators from the higher ghost cohomologies enlarge the current algebra (which becomes the target space symmetry of the theory when the space dimension is compactified at the self-dual radius).That is, while the original current algebra of the theory is given by SU(2) [7] , [8] , [9] , so the standard picture-independent discrete states are the SU(2) multiplets, introducing the target space symmetry generators of higher cohomologies of ghost numbers up to N (i.e. extending the current algebra with the elements of H n ∼ H −n−2 with n = 1, 2, ...N ) enhances the symmetry algebra of the c = 1 theory (compactified at self-dual radius) from SU (2) to SU (N + 2). Let us review first the simplest case of N = 1. One starts with the
with momentum +2 in the X-direction (the left index refers to the ghost cohomology number and the right one to the momentum) and acts on it repeatedly with the lowering
with the discrete momenta−2 ≤ p ≤ 2 (note that the momentum −2 generator is annihilated by T 0,−1 ). Unified with 3 currents of SU (2), 5 currents of
operators generating SU (3) [6] . The lowering subalgebra of SU (3) consists of 3 operators with negative discrete momenta (one from H 0 and two from H 1 ∼ H −3 ), the upper subalgebra includes those with the positive momenta while two zero momentum generators
∂X of H 0 and
generate the Cartan subalgebra. This construction also can be generalized for the case of arbitrary H N ∼ H −N−2 [6] . the structure identical to the Cartan of SU (3) (that can be interpreted as a "hypercharge operator" [6] ) For large values of n the expressions for Cartan generators of SU (n + 2) are more complicated [6] , however, the relation to Cartan generators is still useful in order to to conjecture some properties of H n ∼ H −n−2 generators to simplify our searches. In particular, it is quite clear that 1)expressions for the H n ∼ H −n−2 generators do not contain any derivatives of the superconformal ghost field φ, so their ghost dependence is determined entirely by e nφ or e −(n+2)φ
2) the matter parts of SU (n) Cartan generators of c = 1 can be used as building blocks to construct the higher cohomolody elements for non-critical strings in higher space-time dimensions.
Given these indications, below we shall look for the elements of H 2 ∼ H −4 generating the higher order α-transformations. To avoid technical complications with inverse picturechanging due to the b − c ghost terms in the H 2 representation, we shall concentrate on the H −4 -version of the generators. We start from the Liouville-independent part of the α-transformations (i.e. those that mixes matter with ghosts but doesn't touch the Liouville sector). In general, these cohomology elements -the candidates for the α-symmetry generators -could be in various tensor representations of the Lorenz group, so we start with the simplest case of the scalar generator. The most general expression for a scalar dimension 1 operator of the ghost number −4, in view of the above conditions, is given by
where α i , β i , γ i and λ i are some numbers. In order to be the element of H −4 , V (z) of (20) must satisfy two necessary conditions:
1) it must be a primary field, i.e. its OP E with the full matter+ghost stress-energy tensor must not contain singularities of the order higher than (z − w) −2 , i.e. all the OPE coefficients in front of the terms of the order of (z − w) −n , n ≥ 3 have to vanish separately.
2) it must be annihilated by the picture-changing operator, i.e. its OPE with Γ can only contain terms of the order of (z − w) n , n ≥ 1, that is, the coefficients in front of the lower order terms must all vanish separately.
These two conditions altogether generate a number of linear constraints on the α i , β i , γ i andλ i coefficients. Any combination of the coefficients, satisfying these constraints (in addition to the BRST triviality condition), is a candidate for the element of H −4 and for the higher order α-symmetry generator. Note that the primary field + annihilation constraints are necessary, but generally not sufficient conditions to define the α-generator since the latter also has to be BRST-nontrivial, as BRST-exact currents obviously can't generate any new global space-time symmetries. The non-triviality needs be checked separately or alternatively, one has to verify straightforwardly that the transformations induced by the candidate operator, are indeed the symmetries of the RNS action.
We start with the primary field constraints on V . Using the matter+ghost stressenergy tensor:
the straightforward calculation gives
, so the primary field constraints are
Next, consider the annihilation condition ΓV ∼ 0. Since V is the dimension 1 integrand of vertex operator in the integrated form, the c∂ξ term of Γ of fermionic ghost number 1 doesn't act on V while the b − c ghost number −1 term ∼ be 2φ−χ (∂χ + ∂σ) annihilates V for any choice of the coefficients α, β, γ and λ. Therefore it is sufficient to consider how V is acted on by the b − c ghost number zero term ∼ e φ G matter ∼ e φ ψ m ∂X m . Note that, as the expression for V is Liouville-independent, the OPE of V with e φ G Liouville vanishes as well. The OPE evaluation of Γ and V gives
accordingly the annihilation constraints are
Primary field constraints (22) along with the annihilation constraints (23) define the elements of the cohomology (provided they are BRST non-trivial). Simple check shows that the system of linear equations (22), (23) solving the annihilatilation + primary field constraints for a general picture −4 operator), involving lengthy calculations, it is easier to guess the structure of the cohomology elements and then to verify directly that they satisfy the operator algebra generating a space-time symmetry with an extra dimension and induce the space-time symmetry transformation.
For simplicity, in the rest of the paper we will restrict ourselves to the case of the zero dilaton field so we can neglect the background charge and the related effects of the second derivative term in the Liouville stress tensor. In principle all our calculations can be straightforwardly generalized to the case of non-zero dilaton as well to account for the effect of the dressing (as it has been done in (8), (9), (12) for the case of
however the relevant expressions for the generators become quite cumbersome and such complications aren't necessary for our purposes.
With the dimension 5 2 scalar primary fields
it is not difficult to check that the generator
is in the cohomology, i.e. is the scalar element of H −4 . Note that F 1 (X, ψ) has the structure of the matter part of the Cartan generator of SU (3) (27) while group of AdS d+1 generated by the matter+Liouville fields. As before, the index α = 1 labels the extra space-time dimension generated by the currents of H −3 ∼ H 1 (that enlarge the AdS d+1 isometry with the α-symmetry; as the new index β = 1, it will correspond to the new extra dimension induced by H −4 ∼ H 2 currents of the higher order α-symmetry.
As we expect the complete space-time symmetry group to be extended from SO(d+1, 2) to 
On the other hand, straightforward evaluation of the commutators of (28) with the gener-
Comparing (28) and (29) it is clear that the T -operator (27) must be identified with L β+ . In addition, the comparison of (28) and (29) also allows to deduce expressions for
Next, evaluating the commutator of L βm with the genarator L −n of the rotations in the matter-Liouville planes, we deduce the second scalar generator
It is now quite straightforward to obtain the final, third scalar generator of 
where, for convenience, we have denoted the matter part of L αβ by F 2 (c.f. F 1 , the matter part of the H 1 ∼ H −3 Cartan generator (19) of SU (3)).
Not surprisingly, this generator is just the H −4 ∼ H 2 Cartan generator of SU (4) of the supersymmetric c = 1 model [6] with the matter fields X and ψ of the c = 1 theory replaced with ϕ and λ (recall that we neglect the effect of the dilaton field and the related background charge). As has been explained in [6] 
where ǫ β+ is transformation parameter. For technical reasons, it is also convenient to write explicitly the transformations for γ in terms of the bosonized fields φ and χ:
It is now easy to check that the transformations (33),(34) leave the RNS action invariant, i.e. generate the global space-time symmetry. Applying the transformations (33),(34) to the action (1) and using some simple integration by parts it is straightforward to show that
so the α-variation of the matter part is precisely cancelled by that of the ghost part, just like in the H 1 ∼ H −3 case. The transformations (33),(34) thus constitute the first set of the higher order H 2 ∼ H −4 α-symmetries. The second set, induced by L β− , is given by
The third set of d space-time α-transformations, induced by the d-vector generator
, is given by
Finally, the transformations induced by L βα are given by
As before, ǫ β− , ǫ βn , ǫ βα are the transformation parameters related to L β− , L βn and
It is now straightforward to show that the RNS action (1) In the following section we will discuss the generalization of our results to the general case of n ≥ 3.
H 3 ∼ H −5 and the Higher Cohomologies
The construction of the α-symmetry generators described above can be generalized to the case of higher ghost cohmologies as well, though manifest expressions for the generators become more complicated. As before, it is useful to take the operators F 1 (X, ψ) and F 2 (ϕ, λ) (26), (32) (structurally related to the matter part of Cartan generators of SU (3) and SU (4) in the c = 1 model) as the building blocks to construct the currents of H 3 ∼ H −5 . Since F 1 and F 2 are primary fields of dimensions 5 2 and 5 respectively, one has T (z)∂F 1 (X, ψ)(w) ∼ 5F 1 (X,ψ)(w) (z−w) 3 and T (z)∂F 2 (ϕ, λ)(w) ∼ 10F 2 (w) (z−w) 3 and therefore
is a primary field of dimension 17 2 . Also Γ(z) : (in addition to α and β) we identify
Using the same procedure as in the H −4 ∼ H 2 case, it is not difficult to construct the remaining d+3 currents generating the space-time α-symmetries on the level of
where the picture-changings in the last two commutators are necessary to bring them back to the original picture −5. As in the case of H −4 ∼ H 2 , the scalar generator L γβ mixing the Liouville mode and the ghosts (but commuting with X and ψ) coincides with the one of the Cartan generators of c = 1 model -this time, with the H −5 ∼ H 3 generator of SU (5), with F 3 being its matter part. As before, this generator can be obtained by the prescription described in [6] , namely, by applying the lowering SU (2) currents 4 times to dz 2iπ e −5φ+4iX ψ:
Alternatively, instead of starting with L γ+ (which form we simply have guessed) one could proceed in a more systematic way, deducing L γβ from the H −5 ∼ H 3 Cartan generator of SU (5) Introducing the index α n for the extra dimension number n associated with the generators of H n ∼ H −n−2 , we identify the Cartan generator with
(again, we consider the special case of zero dilaton field so there is no Liouville dressing).
As before, apart from L α n α n−1 there are n additional scalar generators of H n ∼ H −n−2 , constructed as
and one d-vector generator:
so altogether there are d +n +1 generators in the H n ∼ H −n−2 ghost cohomology, generating the α-symmetry transformations associated with the nth hidden space-time dimension.
Combined with the generators of the lower cohomologies H k ∼ H −k−2 with 0 ≤ k ≤ n − 1 these currents would generate the SO(d + n, 2) space-time symmetry group. Unfortunately, because of the complexity of the manifest expressions for the currents of the higher cohomologies, we have not been able to verify this explicitly for n ≥ 4.
Conclusions
The main result of this work shows that RNS superstring theories in various dimensions possess a hierarchy of space-time symmetries (α-symmetries), realized nonlinearly.
Eash class of α-symmetries is generated by the currents associated with ghost cohomology H n ∼ H −n−2 of number n . By explicit construction, we have shown that each ghost cohomology H n ∼ H −n−2 has d + n + 1 elements, namely, n + 1 scalar generators and one
The RNS superstring action is invariant under these transformations with the variation of the matter part cancelled by that of the ghost part. Combined together, the generators from cohomologies 
can be attributed to a hidden space-time dimension (so altogether n ghost cohomologies generate n extra dimensions). In the simplest case of n = 1, the α-symmetry generators on the level of H 1 ∼ H −3 are in one to one correspondence to the generators of the nonlinear space-time symmetries for a AdS d particle, observed in the 2T -formalism and which are also linked to a hidden extra dimension in the Bars approach [3] , [4] , [5] . Our approach suggests, however, that the list of symmetries observed in the 2T physics for a particle, is not complete as it corresponds only to the lowest level 
where α, β, γ, λ, ρ and σ are some coefficients. Computing OPE of V n with the stress tensor gives 22 primary field constraints on V n following from the condition that the OPE coefficients in front of all of the operators appearing in terms of the order of (z − w) −n (n ≥ 3) must vanish, i.e. the OPE has no singularities higher than quadratic. That is, in our case, the most singular OPE term (for generic α, β, γ, λ, σ, ρ's and δ 1 ) is of the order of n = −6. Subsequently, the constraints for vanishing of singularities of the order n = −4, −5, −6 give the first 9 linear equations of 22:
The vanishing of the cubic terms gives the remaining 13 primary field constraints: This is the set of 29 constraints for 31 coefficients so the system has at least 2 independent nonzero solutions (actually the number of independent solutions is larger since the system is degenerate). Any choice of coefficients in (45) satisfying (49) gives a space-time symmetry generator, so the number of the symmetry generators is equal to the number of linearly independent solutions of (49). Now there are two possibilities: the first is that all these generators differ only by BRST-trivial terms and are related to the usual translation generator, transformed to picture +2. This is the case if the solutions aren't compatible with the annihilation constraints (48) (note that the picture +2 translation is by construction a primary field, so (46) and (47) are satisfied automatically). The second possibility is that the solutions of (49) satisfy (46), (47) and (48). In this case the generator is the element of ghost cohomology and induces the α-symmetry transformations on the level of H 2 ∼ H −4 .
Though we have described the case of generators at pictures −4 or +2, the same logic of search for α-symmetries applies to case of operators at higher ghost numbers as well, for this reason we felt it would be instructive to demonstrate the above calculations in this appendix.
Since the overall number of constraints (46) - (49) 
